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Abstract
We find one-loop correction to the integral kernel of the BFKL equation for the total
cross section of the high energy scattering in QCD and calculate the next-to-leading
contribution to anomalous dimensions of twist-2 operators near j = 1.
The BFKL equation is very important for the theory of the Regge processes at high
energies
√
s in the perturbative QCD[1]. In particular, it can be used together with the
DGLAP evolution equation [2] for the description of structure functions for the deep
inelastic ep scattering at small values of the Bjorken variable x = −q2/(2pq), where
p and q are the momenta of the proton and the virtul photon correspondingly. But
up to recent years the integral kernel for the BFKL equation was known only in the
leading logarithmic approximation (LLA), which did not allow one to find its region of
applicapability, including the scale in transverse momenta fixing the argument of the QCD
coupling constant α(ck2
⊥
) and the longitudinal scale
√
s0 for the minimal initial energy.
In this paper we calculate the QCD radiative corrections to this kernel.
In LLA the gluon is reggeized and the Pomeron is a compound state of two reggeized
gluons. One can neglect multi-gluon components of the Pomeron wave function also in
the next-to-leading logarithmic approximation (NLLA) and express the total cross-section
σ(s) for the high energy scattering of colourless particles A,B in terms of their impact
factors Φi(
−→qi ) and the t-channel partial wave Gω(−→q ,−→q′ ) for the reggeized gluon scattering
at t = 0:
σ(s) =
∫
d2q
2πq2
∫
d2q′
2πq′2
ΦA(
−→q ) ΦB(−→q′ )
∫ a+i∞
a−i∞
dω
2πi
(
s
q q′
)ω
Gω(
−→q ,−→q′ ) . (1)
Here −→q and −→q′ are transverse momenta of gluons with the virtualities −−→q 2 ≡ −q2 and
−−→q′ 2 ≡ −q′2 correspondingly, s = 2pApB is the squared invariant mass of the colliding
particles with momenta pA and pB. Note, that the dependence of the Regge factor from
1
q and q′ is natural from the point of view of the Watson-Sommerfeld representation for
high energy scattering amplitudes. The change of the energy scale in this factor leads
generally to the corresponding modification of the impact factors and the BFKL equation
for Gω but the physical results are not changed.
Using the dimensional regularization in the MS-scheme to renormalize the QCD cou-
pling constant and to remove infrared divergencies in the intermediate expressions, we
write the generalized BFKL equation for Gω(−→q ,−→q′ ) in the following form
ωGω(
−→q ,−→q′ ) = δD−2(−→q −−→q′ ) +
∫
dD−2q˜ K(−→q ,−→˜q )Gω(−→˜q ,−→q′ ) . (2)
Here
K(−→q1 ,−→q2 ) = 2ω(q1) δ(D−2)(−→q1 −−→q2 ) +Kr(−→q1 ,−→q2 ) , (3)
and the space-time dimension is D = 4 + 2ε for ǫ→ 0. The gluon Regge trajectory ω(q)
and the integral kernel Kr(−→q1 ,−→q2 ), related with the real particle production, are expanded
in the series over the QCD coupling constant
ω(q) = ωB(q) + ω
(2)(q) + ... , Kr(−→q1 ,−→q2 ) = KBr (−→q1 ,−→q2 ) +K(1)r (−→q1 ,−→q2 ) + ... , (4)
where the Born expressions, corresponding to LLA, are
ωB(q) = −g2µ(
2
ε
+ 2 ln
q2
µ2
) , KBr (
−→q1 ,−→q2 ) =
4 g2µ µ
−2ε
π1+εΓ(1− ε)
1
(−→q1 −−→q2 )2
. (5)
Here
g2µ =
g2µNc Γ(1− ε)
(4π)2+ε
for the colour group SU(Nc) and gµ is the QCD coupling constant fixed at the normal-
ization point µ in the MS-scheme.
The program of calculating next-to-leading corrections to the BFKL equation was
formulated several years ago [3]. It was shown, that the corrections can be expressed
through the Born production amplitudes in the quasi-multi-regge kinematics with the use
of the unitarity conditions in the s and t channels. These amplitudes were constructed in
terms of various reggeon-particle vertices. The gauge-invariant action containing all such
vertices was formulated recently [4].
The two-loop correction ω(2)(q) to the gluon Regge trajectory is known [5] and for
massless quarks can be written as follows
ω(2)(q) = −g¯4µ
[(
11
3
− 2
3
nf
Nc
)(
1
ε2
− ln 2
(
~q2
µ2
))
+
(
67
9
− π
2
3
− 10
9
nf
Nc
)(
1
ε
+ 2 ln
(
~q2
µ2
))
− 404
27
+ 2ζ(3) +
56
27
nf
Nc
]
. (6)
where nf is the number of light quarks. The poles in ε = 0 correspond to infrared
divergencies cancelled in the total cross-section.
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The one-loop correction to the integral kernel K(1)r (
−→q1 ,−→q2 ) is obtained as a sum of
two contributions. The first one is related with the one-loop virtual correction to the
one-gluon production cross-section [6] and the second one is determined by the Born
cross-sections for production of two gluons [7] and quark-antiquark pair [8]. The final
result for K(1)r (
−→q1 ,−→q2 ) can be written as follows
K(1)r (
−→q1 ,−→q2 ) =
4g4µ µ
−2ε
π1+ε Γ(1− ε)
{
1
( ~q1 − ~q2)2
[(
11
3
− 2nf
3Nc
)
1
ε
(
1−
(
(−→q1 −−→q2 )2
µ2
)ε
(1− ε2π
2
6
)
)
+
(
(−→q1 −−→q2 )2
µ2
)ε (
67
9
− π
2
3
− 10
9
nf
Nc
+ ε
(
−404
27
+ 14ζ(3) +
56
27
nf
Nc
))]
−
(
1 +
nf
N3c
)
2~q 21 ~q
2
2 − 3(~q1~q2)2
16~q 21 ~q
2
2
(
2
~q 22
+
2
~q 21
+ (
1
~q 22
− 1
~q 21
) ln
~q 21
~q 22
)
− 1
(~q1 − ~q2)2
(
ln
~q 21
~q 22
)2
+
2(~q21 − ~q22)
(~q1 − ~q2)2(~q1 + ~q2)2
(
1
2
ln
(
~q 21
~q 22
)
ln
(
~q 21 ~q
2
2 (~q1 − ~q2)4
(~q 21 + ~q
2
2 )
4
)
+ L
(
−~q
2
1
~q 22
)
− L
(
−~q
2
2
~q 21
))
−
(
3 + (1 +
nf
N3c
)
(
1− (~q
2
1 + ~q
2
2 )
2
8~q 21 ~q
2
2
− 2~q
2
1 ~q
2
2 − 3~q 41 − 3~q 42
16~q 41 ~q
4
2
(~q1~q2)
2
))∫
∞
0
dx ln
∣∣∣1+x
1−x
∣∣∣
~q 21 + x
2~q 22
−
(
1− (~q
2
1 − ~q22)2
(~q1 − ~q2)2(~q1 + ~q2)2
)(∫ 1
0
−
∫
∞
1
) dz ln (z~q1)2
(~q2)2
(~q2 − z~q1)2
 , (7)
where
L(z) =
∫ z
0
dt
t
ln(1− t) , ζ(n) =
∞∑
k=1
k−n.
Note, that the gluonic part of the above expression forK(1)r (
−→q1 ,−→q2 ) is different from the
corresponding piece of the so called ”irreducible part” of the kernel, which was constructed
by the authors of ref.[9] and it leads to different estimates of radiative corrections to the
intercept of the BFKL Pomeron. This difference is due to the fact, that the result of
Ref.[9]) is incomplete. So-called scale-dependent contributions were not calculated by
these authors and in their opinion there is an ambiguity in fixing these contributions. We
stress again, that physical results do not depend on the energy scale in the Regge factors
in eq.(1) because its change is compensated by the corresponding modification of the
impact factors and the kernel. Moreover, this modification does not have any influence
on the correction to the Pomeron intercept.
In our approach the contribution to the total cross section from one gluon production
in the central rapidity region can be presented as follows
σ2→3 =
∫
d2q
2πq2
∫
d2q′
2πq′2
ΦA(
−→q ) ΦB(−→q′ )
∫ k⊥/q
q′k⊥/s
dβ
β
(
k⊥
q β
)2ω(q)
Rg(q, q′)
(
s β
q′k⊥
)2ω(q′)
, (8)
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where
−→
k⊥ = −→q − −→q′ is the emitted gluon transverse momentum and β is its Sudakov
variable, β = (kpB)/(pApB). Note, that acting more accurately one should introduce in
the impact factors and in the limits of integration over β some intermediate cut-offs in such
way, that the physical results do not depend on them. The quantity Rg(q, q′) is the total
contribution to the BFKL kernel from one gluon producton and it is expressed through
the product of the Reggeon-Reggeon-gluon vertices Γµ (see [6]) with a subtraction of the
terms proportional to the product of the gluon Regge trajectories ωB and the vertices Γ
B
µ
in the Born approximation
Rg(q, q′) ∼ ΓµΓµ −
(
ωB(q) ln
µ4
q2k2
⊥
+ ωB(q
′) ln
µ4
q′2k2
⊥
)
ΓBµ Γ
B
µ .
The neccesity of this subtraction is related with the renormalization of the Regge factors
in eq. (8) in comparison with their definition in ref. [6].
The ultraviolet divergency in the integral over the relative gluon rapidity for the con-
tribution to the BFKL kernel from the two gluon emission [7] is cancelled with the cor-
responding divergency, related with the infrared cut-off in the relative rapidity for the
produced gluons in the multi-Regge kinematics. The analogous cancellation is implied in
the loop corrections to the impact factorsΦi(−→q ).
The solution of the inhomogenious BFKL equation can be presented as a linear com-
bination of a complete set of the solutions of a homogenious equation proportional to
spherical harmonics in the D− 2 dimensional space. The biggest eigen value ωP , leading
to a rapid increase of total cross-sections σ(s) ∼ sωP with energy, corresponds to a spher-
ically symmetric eigen function. Therefore it is natural to average the BFKL kernel over
the angle between the momenta −→q1 and −→q2 :
K
(1)
r (−→q1 ,−→q2 ) =
4g4µ µ
−2ǫ
π1+ǫ Γ(1− ǫ)
 1|q22 − q21|
(11
3
− 2nf
3Nc
)
1
ǫ
( |q22 − q21|
(max(q21, q
2
2))
)2ε
(1 + ε2
π2
3
)
−
(
(q22 − q21)4
µ2(max(q21, q
2
2))
3
)ε (
1 + ε2
5π2
6
)+ ( |q22 − q21 |4
µ2(max(q21 , q
2
2))
3
)ε (
67
9
− π
2
3
− 10
9
nf
Nc
+ε
(
−404
27
+ 14ζ(3) +
56
27
nf
Nc
))]
− 1
32
(
1 +
nf
N3c
)(
2
q22
+
2
q21
+ (
1
q22
− 1
q21
) ln
q21
q22
)
− 1|q21 − q22|
(
ln
q21
q22
)2
−
(
3 + (1 +
nf
N3
)
(
3
4
− (q
2
1 + q
2
2)
2
32q21q
2
2
))∫
∞
0
dx
q21 + x
2q22
ln
∣∣∣∣1 + x1− x
∣∣∣∣
+
1
q22 + q
2
1
(
π2
3
− 4L(min(q
2
1
q22
,
q22
q21
)
)}
. (9)
Instead of the dimensional regularization we can remove the infrared divergencies in
the kernel by introducing a fictious gluon mass λ. Using eqs. (4)-(6), it is possible to
4
verify that the averaged kernel (9) at ε→ 0 is equivalent to the expression
K(−→q1 ,−→q2 ) = −2αs(µ
2)Nc
π2
{
ln
q21
λ2
+
αs(µ
2)Nc
4π
[(
11
3
− 2nf
3Nc
)(
ln
q1
2
λ2
ln
µ2
λ2
+
π2
12
)
+
(
67
9
− π
2
3
− 10
9
nf
Nc
)
ln
q1
2
λ2
− 3ζ(3)
]}
δ(q21 − q22) +
αs(µ
2)Nc
π2
θ(|q21 − q22| − λ2)
|q21 − q22|
×
{
1− αs(µ
2)Nc
4π
[(
11
3
− 2nf
3Nc
)
ln
( |q 21 − q 22 |2
max(q21 , q
2
2)µ
2
)
−
(
67
9
− π
2
3
− 10
9
nf
Nc
)]}
−α
2
s(µ
2)N2c
4π3
{
1
32
(
1 +
nf
N3c
)(
2
q22
+
2
q12
+ (
1
q22
− 1
q12
) ln
q1
2
q22
)
+
1
|q21 − q22|
(
ln
q1
2
q22
)2
+
(
3 + (1 +
nf
N3
)
(
3
4
− (q
2
1 + q
2
2)
2
32q21q
2
2
)) ∫
∞
0
dx
q21 + x
2q22
ln
∣∣∣∣1 + x1− x
∣∣∣∣
− 1
q22 + q
2
1
(
π2
3
− 4L(min(q
2
1
q22
,
q22
q21
))
)}
, (10)
defined in the two-dimensional transverse space, with λ→ 0. Of course, the dependence
from λ disappears when the kernel acts on a function. Moreover, the representation (10)
permits to find such form of the kernel for which this cancellation is evident:
∫
dD−2q2 K(−→q1 ,−→q2 ) f(q22) =
αs(µ
2)Nc
π
∫
dq22
{
1
|q 21 − q 22 |
(
f(q22)− 2
min(q21, q
2
2)
(q21 + q
2
2)
f(q21)
)
×
[
1− αs(µ
2)Nc
4π
((
11
3
− 2nf
3Nc
)
ln
( |q 21 − q 22 |2
max(q21 , q
2
2)µ
2
)
−
(
67
9
− π
2
3
− 10
9
nf
Nc
))]
−f(q22)
αs(µ
2)Nc
4π
[
1
32
(
1 +
nf
N3c
)(
2
q22
+
2
q12
+ (
1
q22
− 1
q12
) ln
q1
2
q22
)
+
1
|q21 − q22|
(
ln
q1
2
q22
)2
+
(
3 + (1 +
nf
N3
)
(
3
4
− (q
2
1 + q
2
2)
2
32q21q
2
2
)) ∫
∞
0
dx
q21 + x
2q22
ln
∣∣∣∣1 + x1− x
∣∣∣∣
− 1
q22 + q
2
1
(
π2
3
− 4L(min(q
2
1
q22
,
q22
q21
))
)]}
+
α2s(µ
2)N2c
4π2
(
6ζ(3)− 5π
2
12
(
11
3
− 2nf
3Nc
))
f(q21) .
(11)
The µ - dependence in the right hand side of this equality leads to the violation of the
scale invariance and is related with running the QCD coupling constant.
The form (11) is very convenient for finding the action of the kernel on the eigenfunc-
tions q
2(γ−1)
2 of the Born kernel:
∫
dD−2q2 K(
−→q1 ,−→q2 )
(
q22
q21
)γ−1
=
αs(q
2
1)Nc
π
(
χ(γ) + δ(γ)
αs(q
2
1)Nc
4 π
)
, (12)
5
were within our accuracy we expressed the result in terms of the running coupling constant
αs(q
2) =
αs(µ
2)
1 + αs(µ
2)Nc
4π
(
11
3
− 2nf
3Nc
)
ln
(
q2
µ2
) ≃ αs(µ2)
(
1− αs(µ
2)Nc
4π
(
11
3
− 2nf
3Nc
)
ln
(
q2
µ2
))
.
The introduced quantity χ(γ) is proportional to the eigenvalue of the Born kernel
χ(γ) = 2ψ(1)− ψ(γ)− ψ(1− γ) , ψ(γ) = Γ′(γ)/Γ(γ) , (13)
and the correction δ(γ) is given below
δ(γ) = −
[(
11
3
− 2nf
3Nc
)
1
2
(
χ2(γ)− ψ′(γ) + ψ′(1− γ)
)
−
(
67
9
− π
2
3
− 10
9
nf
Nc
)
χ(γ)
−6ζ(3) + π
2 cos(πγ)
sin2(πγ)(1− 2γ)
(
3 +
(
1 +
nf
N3c
)
2 + 3γ(1− γ)
(3− 2γ)(1 + 2γ)
)
−ψ′′(γ)− ψ′′(1− γ)− π
3
sin(πγ)
+ 4φ(γ)
]
. (14)
The function φ(γ) is
φ(γ) = −
∫ 1
0
dx
1 + x
(
xγ−1 + x−γ
) ∫ 1
x
dt
t
ln(1− t)
=
∞∑
n=0
(−1)n
[
ψ(n + 1 + γ)− ψ(1)
(n + γ)2
+
ψ(n+ 2− γ)− ψ(1)
(n + 1− γ)2
]
. (15)
Note, that the contribution in the last line of eq. (14) is different from the result of ref.[9],
which leads to different estimates of the next-to-leading corrections to the intercept of the
BFKL pomeron, for the reasons mentioned before.
Almost all terms in the right hand side of eq. (12) except the contribution
∆(γ) =
α2s(µ
2)N2c
4π2
(
11
3
− 2nf
3Nc
)
1
2
(ψ′(γ)− ψ′(1− γ))
are symmetric to the transformation γ ↔ 1 − γ. Moreover, it is possible to cancel
∆(γ) if one would redefine the function q2(γ−1) by including in it the logarithmic factor(
αs(q2)
αs(µ2)
)−1/2
.
Because the radiative correction to ω is negative, it is convenient to introduce the rel-
ative correction c(γ) by the definition δ(γ) = −c(γ)χ(γ). In particular, for the symmetric
point γ = 1/2, corresponding to the rightmost singularity of the t-channel partial wave,
we obtain
c
(
1
2
)
= 2
(
11
3
− 2nf
3Nc
)
ln 2− 67
9
+
π2
3
+
10
9
nf
Nc
+
1
4 ln 2
[
16
∫ 1
0
arctan(
√
t) ln(
1
1− t)
dt
t
+22ζ(3) +
π3
2
(
27
16
+
11
16
nf
N3c
)]
= 25, 8388 + 0.1869
nf
Nc
+ 10.6584
nf
N3c
, (16)
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which is almost two times larger, than its estimate in ref. [9]. For example, if αs(q
2) =
0.15, where the Born intercept is ωBP = 4Ncαs(q
2)/π ln 2 = .39714, the relative correction
for nf = 0 is very big:
ωP
ωBP
= 1− c
(
1
2
)
αs(q
2)
4π
Nc = 0.0747.
The maximal value of ωP ≃ 0.1 is obtained for αs(q2) ≃ 0.08. These numerical estimates
show, that in the kinematical region of HERA probably it is not enough to take into
account only the next-to-leading correction. The value of this correction strongly depends
on its representation. For example, if one takes into account the next-to-leading correction
by the corresponding increase of the argument of the running QCD coupling constant,
the intercept of the pomeron turns out to be only two times smaller, than its Born value.
Due to the effect of running the coupling constant the eigenfunctions of the NLLA
kernel, which can be easily found, do not coincide with q2(γ−1); moreover, the position
and the nature of the Pomeron singularity are strongly affected by the nonperturbative
effects [10]. The BFKL equation with the next-to-leading corrections can be considered
as the quantized version of the renormalization group equations. Expression (16) can be
used only for a rough estimate of the power of the energy dependence of the total cross
section.
The above results can be applied for the calculation of anomalous dimensions of the
local operators in the vicinity of the point ω = J − 1 = 0. To begin with, it is necessary
to emphasize the difference between the t-channel partial wave GgBω (q2) for the reggeized
gluon scattering off the colourless particle B at t = 0
GgBω (q2) =
∫ d2q′
2πq′2
Gω(
−→q ,−→q′ )ΦB(−→q′ ) (17)
and the deep-inelastic moments F gBω (q2) defined as follows
F gBω (q2) =
∫
∞
q2
ds
s
(
s
q2
)−ω
σgB(q2, s) , (18)
where
σgB(q2, s) =
∫
d2q′
2πq′2
ΦB(
−→
q′ )
∫ a+i∞
a−i∞
dω
2πi
(
s
q q′
)ω
Gω(
−→q ,−→q′ ) . (19)
This difference was not essential in LLA but becomes important in NLLA. Whereas the
t-channel partial wave GgBω (q2) obeys the integral equation of the type (2) with the same
kernel (and the inhomogenious term equal to ΦB(
−→q )
2πq2
), the kernel of the corresponding
equation for the deep inelastic moments F gBω (q2) in NLLA is
K˜(−→q1 ,−→q2 ) = K(−→q1 ,−→q2 )− 1
2
∫
dD−2q′ KB(−→q1 ,−→q′ ) ln q
′2
q21
KB(
−→
q′ ,−→q2 ) , (20)
where KB(
−→
q′ ,−→q2 ) is the LLA kernel. The action of the modified kernel on the Born eigen
functions q
2(γ−1)
2 can be calculated easily:
7
∫
dD−2q2 K˜(
−→q1 ,−→q2 )
(
q22
q21
)γ−1
=
αs(q
2
1)Nc
π
(
χ(γ) + δ˜(γ)
αs(q
2
1)Nc
4 π
)
, (21)
where
δ˜(γ) = δ(γ)− 2χ(γ)χ′(γ) . (22)
The anomalous dimensions
γ = γ0(αs/ω) + αsγ1(αs/ω)
of the twist-2 operators near point ω = 0 are determined from the solution of the equation
ω =
αsNc
π
(
χ(γ) + δ˜(γ)
αsNc
4 π
)
=
αsNc
π
(
1
γ
+O(γ2)
)
− α
2
sN
2
c
4 π2
(
11 + 2nf/N
3
c
3 γ2
+
nf (10 + 13/N
2
c )
9γ Nc
+
395
27
− 2ζ(3)− 11
3
π2
6
+
nf
N3c
(
71
27
− π
2
9
) +O(γ)
)
(23)
for γ → 0. The singularity in δ(γ) ≃ −2/γ3 for γ → 0 is exactly cancelled in the
transition to δ˜(γ) because 2χ(γ)χ′(γ) ≃ −2/γ3 in the same limit. It gives a possibility
to find the corrections to the anomalous dimensions. In particular for the low orders
of the perturbation theory we reproduce the known results and predict the higher loop
correction for ω → 0:
γ =
αsNc
π
(
1
ω
− 11
12
− nf
6N3c
+O(ω))−
(
αs
π
)2 nf Nc
6ω
(
5
3
+
13
6N2c
+O(ω))
− 1
4ω2
(
αsNc
π
)3 (395
27
− 2ζ(3)− 11
3
π2
6
+
nf
N3c
(
71
27
− π
2
9
) +O(ω)
)
+O
(
α4s
ω4
)
. (24)
Note, that our formulas for the anomalous dimensions are different from the expres-
sions obtained by authors of ref.[9]. Their results are not complete because they did not
calculate the contributions of so called energy-scale dependent parts of the kernel.
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